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Design of Missile-Aircraft Component White Noise Isolators
Anthony San Miguel*

Naval Weapons Center, China Lake, Calif.

Relationships are given from which the optimum design of missile-aircraft component isolators
can be specified from white noise vibration. These relationships are derived from theories of linear
viscoelasticity, vibration, heat conduction, and statistics of extremes. A Voigt model is used to dem-
onstrate the thesis. A design format is given which relates mission time, environmental tempera-
ture, white noise intensity level, reliability, weight of the isolated component to rattlespace, isolator
thickness, and the effective stressed area of an isolator all as a function of storage modulus, loss
tangent (damping), melt temperature, and thermal conductivity of a polymeric isolator. An example
calculation demonstrates the procedure that can be used for specifying an optimum vibration isola-
tor to suit a given mission.

Nomenclature
a = effective radius of isolator, in.
a,T = ratio of relaxation times at two different temperatures
c = dashpot damping coefficient, lb-sec/in.2
D = specific damping energy, in-lb/in.3-cycle
d = isolator spacing, in.
E = Young's modulus, lb/in.2

EI = normal storage modulus, lb/in.2
#2 = normal loss modulus, lb/in.2

fn = undamped natural frequency of component-isolator, Hz
G = nira2 = effective cross sectional area of isolator, in.2
g = acceleration due to gravity, 32.2 ft/sec2

J = coefficient relating D to <Tmax, in.Vlb-cycle
K = thermal conductivity, Btu/hr-ft°F
k = isolator spring stiffness, lb/in.
m = mass of the component to be isolated, slugs
N = number of cycles to failure
n = number of load-carrying elements
na = average number of zero crossings per unit time
P(r) = probability that exceedance occurs (i.e., yrei ^ yi) before

time T
S = isolator strain energy, in.-lb/in3

T = temperature, °F or K
Ts = temperature of isolator surface, °F
Tm = melt temperature of isolator, °F
Tmax = maximum temperature above Ts attained by isolator due

to vibration, °F
TO = reference temperature of ar, K
TVer = temperature at which fatigue data is obtained, °F
t - time, sec
W = weight of missile/aircraft component, Ib
Wa = acceleration power spectral density, #2/Hz
x = cushion thickness of isolator, in.
JCmin = minimum cushion thickness of isolator, in.
3/1 = maximum allowable displacement rattlespace of com-

ponent with respect to platform, in.
y t ( t ) = time-dependent platform displacement, in.
yre\(t) = time-dependent component displacement with reference

platform, in.
y?e\(t) = time-dependent component velocity with reference to

platform, in./sec.
z = particular value of the standardized, or normalized, statis-

tical variate
0 = isolator damping
tan d = loss tangent
e = isolator strain
£max = maximum design isolator strain, in./in.
(TS = static stress in isolator, lb/in.2

0-max = maximum isolator stress, lb/in.2

T = the actual mission time to first exceedance (i.e., when
yrel =yi), Sec

co = angular frequency, rad/sec
X = generalized response variable

Introduction
THE method of isolating a missile/aircraft component
from the operational and physical environment is to place
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an energy conversion or shielding material between the
component and the platform that is part of the missile/
aircraft primary supporting structure. Care must be used
in the selection of a material and design configuration of
an isolator since space and weight are at a premium for
flight vehicles.1 Design practices are well established and
have been documented in various monographs.2'5

As a practical matter, isolators are chosen by designers
for either a shock or vibration isolation mode by estimat-
ing relationships among displacements which determine
rattlespace, loads which are to be isolated, and excitation
frequencies using the Voigt model (parallel spring and
dashpot) shown in Fig. 1. An isolator cushion, x thick,
may consist of a number, n, of load carrying elements of
radius, a, which are equally separated by a distant, d, as
shown in Fig. 1. The temperature dependent mechanical
properties of the cushion are approximated by the spring
stiffness, k, and the damping coefficient, c, of the Voigt
model. The problem is to limit the motion yre\(t), of the
component of mass, m, to a specified rattlespace, ±y±,
when the rigid platform experiences a motion y t ( t ) . Com-
mercial catalogs are then used to identify a reasonably
suitable isolator. Applicability of the candidate isolator is
then verified by test. Unfortunately such a procedure does
not insure minimum weight and volume. Therefore, there
is incentive to introduce a method by which designers can
specify both material and design requirements to suit a
specific mission requirement.

Further sophistication of isolator design serves little
purpose since the environment defined in a contract spec-
ification may not be realistic. Current effort by the Navy
has been to completely examine the problem of identi-
fying the military environment. As a result of such effort
military environmental specifications are being subjected
to significant evaluations and revisions are envisioned.

There is reasQn to believe that the vibration aspect of
the flight environment is nondeterministic and can be
better approximated as being random instead of a well-
defined spectrum of particular frequencies. Hence, it
would be useful to develop a simple analysis that a de-
signer can use to relate an approximation of random vi-
bration (i.e., white noise) excitation to the physical prop-
erties of a polymeric isolator subjected to geometric de-
sign constraints. By this manner of approximation the
thermal and mechanical properties, subject to a given de-
sign configuration, can be rationally specified for a partic-
ular application.

The paper first discusses white noise excitation and
characterizes it in terms of the statistics of extremes.6
Next the thermal and mechanical properties of linear vis-
coelastic polymers7 are related to each other using a Voigt
model, a failure criteria, and the concepts of linear elas-
ticity,8 vibration,2 and heat conduction theories.9 These
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Fig. 1 Voigt model and geometric configuration representa-
tion of isolator.

concepts are then all related to each other by noting the
physical significance of the standardized variate. Finally,
an example design problem is illustrated to demonstrate
the proposed analysis.

Isolator Model Representation

An aircraft/missile component can be isolated from the
transient thermal and mechanical energies intrinsic to the
platform and the environment by selecting an isolator
that will absorb, redistribute, and reflect these energies
away from the component. The approach taken in this
study to approximate the mechanisms of such phenomena
will be to assume that the linear versions of the theories of
elasticity, viscoelasticity, vibration, heat conduction, and
the statistics of the extremes are applicable.

The single-degree-of-freedom lumped parameter Voigt
model shown in Fig. 1 will be used in this study to illus-
trate the thesis. This model is chosen because of its use-
fulness in linear isolator theory. The model relates the
physical properties of an isolator to the motions and forces
on the component as a function of the environment. The
mass, m, represents the component to be isolated from
the platform and environment. The rigid platform is as-
sumed to be subjected to a broad band white noise in-
duced motion y i ( t ) . The low damped isolator filters a rela-
tively narrow band of the white noise and induces a com-
ponent motion yrei(0-

The design goal is to minimize the total thickness and
weight of the isolator. Since the thermal energy derived
from isolator hysteresis and the environment can be iso-
lated or controlled by tailoring the insulation and ther-
mal-mechanical properties of the isolator, the objective is
to determine the relationship of the spring constant (k)
and dashpot constant (c) to the isolator geometry and en-
vironmental loading in terms of the thermal and mechani-
cal properties of the isolator.

White Noise

Random vibration is a complicated time-varying func-
tion that is characterized by irregular variations in ampli-
tude and frequency. A recent monograph4 states that no
encompassing methodologies are available for optimizing
realistic isolation systems under general random environ-
ments. Therefore, an approximation of random vibration
is needed to reduce experimental data to a format useful
for isolator design.

A spectral representation of random input is sufficient
for the design of linear isolators. In essence a spectral den-
sity is defined as an integral of an auto correlation func-
tion which itself is obtained from an integral of a time
varying motion which, for our purposes, must be assumed
to be a stationary ergodic random function of distance. A
random process whose power spectral density is constant
is said to be white noise, which implies a wide-band dis-
turbance. For wide-band random vibration excitation of a
lightly damped isolation system the response is essentially
sinusoidal vibration with a randomly varying amplitude
and a statistical average frequency corresponding to the
isolation system resonant frequency. The magnitude of
random vibration excitation or response cannot be speci-
fied uniquely at any given instant of time. Therefore, ran-
dom vibration is characterized by its rms magnitude, its
power spectral density, and the probability distribution of
its magnitude.

White noise excitation of an isolator simply means that
the excitation at all frequencies has an equal power spec-
tral density. Since an isolator is narrow-band (acts as a
filter) it is only necessary that the excitation power spec-
tral density curve be only approximately flat in this band
region to give a close approximation to predicting the re-
sponse of a simple isolator such as the Voigt model.

It has been shown3 that the variance of the relative mo-
tion yre\(t) can be expressed in terms of its damping (ft),
white noise input acceleration spectral density (Wa), and
undamped natural frequency (fn) of the isolator which ex-
hibits light damping (ft < 0.1) by

^relW = 150.1(Wa / 2/3/n
3) (l)

The error using Eq. (1) for broad-band excitation at the
platform (Fig. 1) with narrow-band response at the com-
ponent (Fig. 1) is negligible when the upper frequency
limit of integration is greater than four times fn/2ft.

Using statistics of the extremes3'6 the actual mission
time (r) when \yYe\(t)\ will first exceed the distance, yi,
can be estimated. If z is the maximum value of the
standardized variate, i.e.,

(3)

it can be shown3 '6 that for z > 3.0
0.5

where for white noise the average number of zero crossings
CVrei = 0) per unit time is given by

no = 2/n (4)
and P(r) is the probability that exceedance occurs before
or at time T.

Equations (1-4) relate motion, time of motion, and iso-
lator physical properties to the probability that a given
rattlespace will be exceeded.

Thermal-Mechanical Characterization of Polymers

A solid polymer experiencing sinusoidal loading (or
nonsinusoidal disturbances using Fourier's rules) can be
characterized in a constant temperature field by two vis-
coelastic moduli. One modulus is called the storage modu-
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lus (Ei) and is defined in terms of the quasi-static uniax-
ial maximum stress (<7max)> the maximum strain (emax)
and the phase angle (5) between the instantaneous stress
and strain by

£,= cos 6

The second modulus is called the loss modulus
defined by

£2 = sin 6

(5)

and is

(6)

It is convenient to divide Eq. (6) by Eq. (5) to obtain the
loss tangent (tan 6) for a polymer as

tan a = E2/Ei (7)
The usefulness of the loss tangent is that it can be readily
measured.

The physical significance of E\, #2, and tan 6 are that
they are a measure of the elastic potential energy, of the
energy dissipated to heat, and of the ratio of energy stored
to energy lost, respectively, per cycle at a given frequency
(a?) and temperature (T). Experiment shows that for glas-
sy, crystalline or lightly cross-linked polymers that tan 6
< 0.1. For such small values of 5, it is apparent from Eq.
(5) that E\ can be approximated as being equal to
Young's modulus (E) of classical linear elastic theory.

If it is assumed that the equivalent time scale (t) for a
constant strain rate uniaxial tensile/compression test is
equivalent to the reciprocal of the frequency (o>) of a si-
nusoidal test, then E\ can be approximate by E obtained
from a uniaxial test if the strain rate is such that the ten-
sile/compression stress (a) or strain (e) equals the magni-
tude of <7max or emax, respectively, from the sinusoidal test
at a time (t = l/o>). For example, if an isolator is to func-
tion at emax = 10% and co = 100 rad/sec, then candidate
materials can be identified by subjecting them to a uniax-
ial experiment with a strain rate (c) equal to (0.1)(100) =
10 in./in.-sec and measuring the associated E ~ Ei at the
ten percent strain level.

An advantage of using the concept of E\, Ez, or tan 6 is
that the mathematics associated with linear viscoelastic
material properties (which is used to approximate real
material behavior) corresponds with the mathematics as-
sociated with linear elastic material properties (the corre-
spondence principle). The single degree equation of mo-
tion is given by (see Fig. 1)

4- conx = (8)

where 0 = c/2(fcm)1/2 is the damping ratio, un = (k/m)I/2

is the undamped natural frequency, x = the generalized
response variable, and <t>(t) = the generalized, time-de-
pendent, excitation variable. By applying the correspon-
dence principle to Eqs. (5-7), they can be rewritten in
terms of the Voigt model parameters at a given environ-
mental temperature (T.s) in terms of the isolator thickness
(jc) and cross-sectional area G by

Et = £(<*>) = k((jo)x/G
E2 = uc(u)x/G

tan 6 = uc(<jo)/k

Note that Eq. (7a) at co = wn becomes
tan6 =2/3

(5a)
(6a)
(7a)

(9)
It is noted that E\, £2, and tan 5 can also be calculated if
the mechanical impedance parameters of a given isolator
have been measured.

It is well known for polymers in general that E\, £2,
and tan 5 are functions of temperature as well as frequen-
cy. By assuming that the linear viscoelastic model repre-
sentation of a real material is also thermorheologically

simple,10 a great simplification is introduced for obtaining
design material property data. Such simplification is use-
ful for establishing design tradeoffs as a function of oper-
ational and environmental parameters. In essence E± and
E2 are made functions of a reference temperature (T0)
and the log ajar, where ar is called the time-temperature
shift factor and is solely a function of T. (It is assumed
that the temperature field in the isolator is uniform at
any instant of time.) In this manner measuring Ei or Ei
at some co and T is equivalent to measuring E\ or £2 at
frequency COOT and T0.

The amount of energy dissipated in the isolator per
cycle is given by

The expression for sinusoidal strain is
sin

and sinusoidal stress which lags the strain by 5 is
0- = Or sin(ut + a)

(10)

(ID

(12)
Substituting Eqs. (11) and (12) into (10) and integrating
yields

D = TTE^ax-2 (13)

Since Ei ~ E = a/e, substitution into Eq. (13) together
with the relationship of Eq. (7) yields

~ ff tan a = Jcrmax
2 (14)

Typical values for J are between 10~4 and 10"2. For pre-
liminary design, J can be taken as 10~3. The mechanical
energy dissipation predicted by Eq. (14) can be assumed
to be converted into heat energy which can be entirely
characterized by the thermal diffusivity of the isolator.
Since polymers are poor conductors, the temperature
within the isolator will rise until a thermal energy balance
is established at the isolator boundaries. Obviously, a rise
in temperature will significantly change the mechanical
properties.

An estimate of an average maximum temperature
(Tmax) of the load carrying elements (Fig. 1) is made by
assuming that each element experiences homogeneous si-
nusoidal stress fields and hence a constant rate of heat
production D per unit time per unit volume. It is further
assumed that the heat flow in the load carrying element is
radial and that its surface temperature is maintained con-
stant. The solution to this heat transfer problem is
known9 and results in the prediction of a radial tempera-
ture gradient in the load-carrying element. Since isolators
are chosen on the basis that their damping (tan 6) is larg-
est at the undamped natural frequency (fn), the highest
temperature rise occurs at resonance. It remains to choose
Tmax from the predicted radial temperature gradient in
the load carrying element. The value of the temperature
at a/2 is taken as an approximation for Tmax and is given9

at steady state by

Tmax=0.868Da2/n/tf (15)
where K is the thermal conductivity of the polymer. For
the Voigt model, fn = (k/m)°-5/2ir. Substituting fn into
Eq. (5a) noting that m = W/g and taking G as the effec-
tive stressed area gives

F

Substituting Eqs. (14) and (16) into (15) gives

- 2— z • la2ja 2 f1"TT °max I Wx

Wx tan a (17)
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Equation (17) gives the relationship among the design
variables a, G, x, the mechanical properties Ei, tan 5, the
thermal property K, the maximum allowable temperature
Tmax and stress amax needed to isolate a component of
weight W. The upper limit of Tmax is determined by the
chemical stability of the polymer whereas the upper limit
of ffmax is determined by a suitable failure stress criteria.

The failure mechanism envisioned for the vibration iso-
lator is fatigue whereas for shock its the ultimate tensile
strength. If appropriate fatigue data is not available, a
conservative approximation can be made at TVef = 80°F
for low modulus polymeric materials as

N = 108-6.6 x 105S (18)
where N is the number of cycles and S is the correspond-
ing strain energy. For a low damped and linear material S
= (Tmaxtmax/2, but €max = (7max/£i, an^ therefore

N = 108 - 3.3 x 105 -5^L (19)

Equation (19) suggests that the maximum number of cy-
cles that a low modulus polymeric material can be expect-
ed to survive as o-max -^ 0 is some 108 cycles.

The kinetic theory of elastomers states that stress is
proportional to absolute temperature. Therefore, it is pro-
posed until experimental data for a given candidate poly-
mer is available that Eq. (19) be modified to account for
Tref ^ 80°F by multiplying the right-hand side by the
factor (Tm - [Ts + Tmax])/ (Tm - Tref). Tm is the poly-
mer melt temperature which can be assumed to be 200°F
if not otherwise known. Ts is the surface temperature of
the load carrying element. Trer is the temperature at
which the fatigue data are obtained. The temperature
compensated version of Eq. (19) becomes

N = [l08-3.
(Tm - [TS + rmj) (20)

This temperature correction predicts that N decreases
with increasing isolator operating temperature (Tmax) and
that the fatigue life at -50°F for a given o-max is about
double that at +80°F. Equation 20 states that a tempera-
ture (Tmax) rise in the isolator due to vibration at reso-
nance lowers its lifetime. The worst case is obviously for
Ts + Tmax = Tm, recognizing, of course, that it takes
time to reach Tmax (a function of the thermal diffusivity
of the isolator).

The failure criteria based on Eq. 18 is based on sinusoi-
dal loading. To apply Eq. (18) to random vibration load-
ing is known to be conservative.11 The degree of conserva-
tism for a particular isolator material and design must be
evaluated from specific experimental data.

Design Equations

The amount of creep/relaxation acceptable in an isola-
tor depends largely upon storage requirements. In general,
storage strains and stresses in filled elastomers should be
less than 5% and 1.0 lb/in.2, respectively, when storage
periods at +80°F for over a year are envisioned. The
amount of viscoelastic phenomena tolerated in the isolator
can be traded off for reliability and/or allowable motion
transmissions to the component for a given design and
mission.

In order to incorporate specific design tradeoff capabil-
ity into the Voigt model, it will be assumed that c and k
are composed of a number (n) of separate elements with
equal properties. More complex conceptual designs can be
related to this baseline design by using foam technology or
treating symmetrical segments of a complex design as
being analogous to complex components (incorporating
shear and/or coulomb energy dissipation mechanisms).
The isolator design parameters are the isolator thickness

CURVE SHIFTS
FOR LARGER r
AND LOWER T

Wx
Fig. 2 Relationship between a2<rmax

 2J/K and EiG/Wx given
a set of material assumptions.

(:c), rattlespace yi and the average radius (a) of each sepa-
rate isolator.

The component weight (W) will induce a static stress
(<TS) equal to W/G where G is the "effective" total cross-
sectional area of the isolator (i.e., ~7ma2). The storage
stress design requirement is satisfied if G > W. It follows
that for a given x, minimum isolator weight is achieved
for G = W.

It remains, then, to determine the design criteria neces-
sary for specifying an efficient isolator. The objective is to
determine the largest acceptable isolator stress (o-max) in-
duced by the platform (Fig. 1) by selecting an isolator
material with mechanical moduli small enough to mini-
mize transmittance, yet large enough to allow noncreep
storage. crmax can be lowered by increasing G, but this will
increase the isolator weight. The procedure for choosing a
candidate isolator material involves the selection of a
polymer of the desired mechanical moduli and then to de-
termine (Tmax on the basis of the fatigue failure strength.
Simultaneously thermal energy (either created within the
isolator or from the platform) can be isolated from the
component by tailoring the thermal and mechanical prop-
erties. Note that isolation of the component from thermal
and mechanical energies is achieved by allowing the com-
ponent to move (yrei) with respect to the platform in-
duced motions (yt). The objective is then to determine the
relationship of the spring constant (k) and dashpot con-
stant (c) to the isolator geometry and environment motion
in terms of the thermal and mechanical properties of the
isolator.

A lightly damped narrow-band isolator system exposed
to broad-band excitation exhibits behavior similar to that
of a general system exposed to white noise. Therefore on
the average each cycle (N) of the responding system
(component) is characterized by two zero crossings.
Therefore Eq. (4) can be used to estimate N for a mission
time r by

N=fnr (21)

Substituting Eq. (17) into (20) as well as the value for N
obtained by substituting Eq. (16) into (21) results in

3.13r

K f n
The usefulness of Eq. (22) as a design tradeoff basis can

be demonstrated for a class of low modulus elastomers,
i.e., elastomers for which o-max

2/£i < 100 in.-lb/in.3. By
assuming r = 1,200 sec, Tm = +200°F, Tref = +80°F, and
Ts = 120°F, Eq. (22) is used to relate a2Jdmax

2/K to EiG/
Wx for <rmax

2/Ei = 100 in.-lb/in.3 as shown in Fig. 2. For
lower Ts and longer T, the curve shifts up and to the right
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Fig. 3 Relationship between crmax and a2J/K as a function of
EiG/Wx given a set of material and operation assumptions.

and is less critical for design considerations. Figure 2 il-
lustrates that for a given isolator material and component
weight to minimize x requires that a2amax

2 be minimized.
Further insight into the relationship between <rmax and

(a) is obtained for the condition of negligible self heating,
or in the given example for Tm - Ts = +80°F. It follows
that the relationship

2. 71(o2Jamax
2/lO(£1G/^)0-5 = 80°F (23)

satisfies the conditions for fatigue failure at the largest
acceptable value for <?max. Figure 3 illustrates the rela-
tionship given by Eq. (23) among the largest acceptable
tfmax, a2J/K, and EiG/Wx. Thus, if jcmin is determined by
other considerations such as storage or shock, and <rmax is
obtained experimentally, then (a) can be taken directly
from Fig. 3, given an isolator material and component
weight.

A physical interpretation of z can be made by noting
that 3/1 ~ emax x, and yrei2 °-5 is simply a "standard" dis-
placement approximated by ejt, hence z = €max/e. It fol-
lows that the larger the value for z, the smaller the opera-
tional strain € for a given material cmax-

For a given isolator design, suppose r = 1,200 sec and
Ts = +120°F. P(r] is the probability that yrei > yi occurs
before time, r, and is assigned with a low risk factor, e.g.,
P(T) = 0.001. It then follows that when exposure time and
space availability are fixed, the designer must control the

10° F=

natural frequency and damping of the isolator if yrei < yi
with the stipulated probability.

Combining Eqs. (1-4) substituting for ft and fn from
Eqs. (9) and (16) and for illustration purposes assigning a
large value for white noise excitation (Wa = 0.1 #2/Hz);
results in the requirement to satisfy the following two re-
lationships:

and

2 log

2. 04V tan 6
1.5

^9(=z2 )

(24)

(25)

Equation (24) is solved for EiG/Wx as a function of z
with the parameters P(r) and r and is shown in Fig. 4.
Note from Fig. 3 that for a given a2J/K, that o-max can be
made larger if the magnitude of EiG/Wx is reduced. The
design goal is to choose the smallest value for EiG/Wx so
that the maximum amax is used for a particular isolator
design. From Fig. 4 it is observed that for a given E^G /
Wx, the requirement is only that z be increased by 0.4 to
lower P(r) from 0.1 to 0.001.

Figure 4 shows that the larger the probability for ex-
ceeding, the smaller the value for z, and the larger the op-
erational strain e for a given emax. The most conservative
design is to incorporate the largest value of z together
with the smallest P(r). The more conservative the design,
the thicker the isolator, hence, the higher the consequen-
tial isolator weight. Since safety is already considered sta-
tistically through the probability factor, the design goal is
to minimize both z and EiG/Wx.

The value of a minimum yi that should be used in Eq.
(25) may be determined by the shock mitigation or stor-
age requirements. For illustrative purposes assume a 20 g
for 30 msec rectangular shock.

The analysis that can be used to obtain (yi)min is the
strain energy-kinetic energy equality relationship. Until
experimental evidence for a particular isolator material is
available, it is safe to use Eq. (18) by substituting N = I
to obtain »Smax = 150 in.-lb/in.3. The total potential
strain energy capacity in the isolator is then some 150
GUmirOshock in.-lb. Now the maximum velocity step of
the platform reacted by the component is y,ei = (20 g)
(386 in./sec2-g) (0.030 sec) = 232 in. /sec. It follows that
the kinetic energy to be absorbed by the isolator is (232
in./sec)2 W/2 g ~ 68.9 W. Equating the potential to ki-
netic energys gives the relationship

(*min)shock =0.45(W/G) (26)
Since yi is a rare event assume

Fig. 4 Relationship between EiG/Wx and z for various P(r)
and T.

v y l / m i n v min/shock v^ • /

The determination of an optimum ymax is dependent
upon the structural stability of a given isolator design. For
a simple circular isolator, experience has shown that col-
umn instability will not occur if x < 1.2a. A generality is
that the stiffness response of an elastomeric isolator in-
creases significantly for emax > 0.3 in./in. because of bar-
relling effects resulting from the incompressible nature of
elastomers. Therefore for preliminary design assume emax
< 0.3 in./in. It remains next to illustrate the above ana-
lytical procedure by selecting the preliminary design pa-
rameters for an isolator subjected to a hypothetical speci-
fication, Wa — 0.1 #2/Hz. Suppose a large component is to
be isolated. The designer is given that W = 700 Ib, x <
1.3 in., P(r) = 0.001, T, = 120°F, r = 1200 sec, single life-
time shock = 20 g for 30 msec rectangular, depot storage
of 1-year at 80°F and component surface area is such that
G < 3740 in.2.

The storage requirement suggests W/G < I lb/in.2,
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Fig. 5 Relationship between tan 5 and EiG/Wx as a function
of yi for 2 = 6.1.

which means G > 700 in.2. From the component surface
area requirement it follows that W/G > 0.19 lb/in.2. Tak-
ing four arbitrary values for W/G (e.g., 0.19, 0.5, 0.75, and
1 lb/in.2) and substituting in Eq. 26 determines (xmin)shock
= 0.05, 0.23, 0.34, and 0.45 in., respectively. Since 700 <
G < 3740, begin by choosing G = 700 in.2 on the basis of
minimizing weight and Ei G / Wx.

The relationship of 3/1 with respect to tan d and EiG/
Wx can be found [Eq. (25)] once bounds are placed upon
EiG/Wx. The smallest (desirable) realistic values of Ei
for candidate low-modulus elastomeric materials lies be-
tween 100 and 200 lb/in.2. For a given material, Ei is a
function of both frequency and temperature and since 0.2
< W/G < 1 lb/in.2 and jcmin = 1.3 in., it follows that 77
< EiG/Wx < 770 is the range expected to be found for
candidate materials. From Fig. 3, for P(T) = 0.001, it is
seen that 6 < z < 6.2. For design purposes, assume z =
fmaxA = 6.1. Equation (25) is then used to relate yi
[=0tmin)shock] to both tan <5 and E±G/Wx as shown in Fig.
5. Material damping is seen to become a critical material
property requirement as yi and E^G/Wx get smaller. Now
since emax = yi/Jc, it follows that 0.11 < €max < 0.53. For
many low-modulus elastomers this range for emax is at-
tainable.

If tan 5, Ei, and K are not known for a given low-modu-
lus elastomer as a function of temperature and frequency,
one assumes a typical set of values for fn < 2000 Hz and
Tref = +80°F as being tan d = 0.13, Ei = 150 lb/in.2, and
K = 0.11 Btu/ft-hr.°F. Then J = 2.7 X 10~3 and (EiG/
Wjc)min = 115. From Fig. 2, it follows that aamax = 33.2
lb/in.2. This means that for a large range of o-max, there is
a corresponding large range for a. For example, assume
that o-max = Ei emax, then 16 < (Tmax < 80, which corre-
sponds to 0.4 < a < 2.1 in. The tradeoff between crmax and
a for a given EiG/Wx is shown in Fig. 3. It is desirable to
minimize the motion of the component so that spurious
flight dynamic perturbations are minimized. This suggests
that the lowest emax be used, which means that o-max can
be used to determine a candidate value for a. (cm ax)min =
0.11; therefore, <rmax = 16.5 lb/in.2 and from Fig. 3, a >
0.64 in. However, from structural considerations, x <
1.2a; therefore, a > 0.71 in. Obviously, for the example
problem choose a = 0.71 in. Since G = 700 in.2 = mra2, it
follows that n - 440, and hence based on the total avail-
able surface area of 3,740 in.2, the isolator spacing (d) is
2.6 in.

Discussion

The example illustrates how to determine the approxi-
mate dimensions for an isolator given an operational envi-
ronment, design constraints, and average typical values
for the mechanical and thermal properties of a class of
polymers. Conversely, specifications for Ei, tan 6, and K
can be obtained, given the isolator dimensions, design
constraints, and the operational environment. Optimiza-
tion with respect to weight and volume of the isolator can
be achieved by exercising the design variables for a given
set of design imposed conditions.

It is observed from Eq. (1) that the variance of the rela-
tive motion (yrei2) can be decreased for a given accelera-
tion power spectral density by choosing a material with
greater damping. However, ,*a much greater decrease is
achieved by raising the natural frequency, which can be
achieved by choosing a more rigid isolator material, by in-
creasing the diameter, or by decreasing the thickness of
the isolator. On the other hand, increasing the natural fre-
quency is limited in that the standardized variate (z) will
increase according to Eqs. (3 and 4), requiring that the
isolator material operate at a greater maximum strain/
stress. According to Eqs. (17 and 20) this means that the
fatigue life time will be reduced both because of the high-
er operating stress and temperature. It becomes evident
then that the degree of optimization that can be achieved
for a given design is highly dependent on an accurate
knowledge of the thermal and mechanical properties of
the candidate isolator material.

Conclusion

An inverse design approach is developed by which the
thermal and mechanical properties of an isolator can be
traded off with the geometric (and hence volume) configu-
ration of an isolator for a given induced random motion
during a specified time. The resulting isolator design is
optimized in the sense that the lifetime is determined by
failure due to a history of simultaneous heating and fa-
tigue.
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